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Applied proof theory (aka ‘proof mining) in one slide:

Uses ideas and techniques from proof theory to analyse mathematical proofs and:

® Extract quantitative information (even when the proof is at first glance
nonconstructive).

® Obtain generalisations of the original theorem through weakening/abstracting
assumptions.

® Give deeper insights into theorems from ‘mainstream’ mathematics and
provide a uniform framework through which different results can be brought
together.

Aims of this talk:

® Present a recent application of proof theory in nonlinear analysis.

® Provide some general insight into how proof mining is done in practice.
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@ Ahigh level overview



We start with something familiar:

Throughout this talk, we work in a Banach space X.

Amapping T : E — E for E C X is called strongly contractive (or often just a contraction
mapping) if there exists k € [0, 1) such that Vx, y € E:

1T = Tyl| < (1= k) [lx — Il

Theorem (Banach fixed point theorem)

IfT is strongly contractive then it possesses a fixpoint q. Moreover, from any starting point xo
the sequence {x, } defined by xu+1 := Tx, converges to q, with rate of convergence

1=k,

n — <
oo — qll < ==

e — %o

‘ space X ‘ —&—‘ mapping T ‘ +‘ algorithm {x,}

= ‘ convergence to fixpoint




A generalisation of the Banach fixed point theorem:

Amapping T : E — E for E C X is called ¢ -weakly contractive if ¢ : [0, 00) — [0, 00)
is a nondecreasing function with ¢)(0) = 0O and ¢(¢) > Ofort > 0, and Vx,y € E:

I = Dyl| < llx ¥l = (lx — )

In the case that ¢(f) := kt then T is strongly contractive.

Theorem ([Alber and Guerre-Delabriere, 1997

IfT is weakly contractive then it possesses a fixpoint q. Moreover, from any starting point xo the
sequence {x, } defined by x,11 := Tx, converges to q, with rate of convergence

[l — qll < @7 (T (|lx0 — ql]) — )

where U is given by
S odt
U(s) := ol 0

‘ space X ‘ —&—‘ mapping T ‘ +‘ algorithm {x,} | = ‘ convergence to fixpoint




Example of a weakly contractive mapping

DefineX = Rand T : [0,1] — [0,1] by Tx := sinx. Then we can show that
|sinx —siny| < |x —y| — %|xfy|3

and so sin is 1)-weakly contractive for ¢ (t) = 1t’.

The unique fixpoint of sin is x = 0, and defining x,,+1 := sin x, we have x, — 0 with

rate ofconvergence

1
X <

-2 —1
Xo

(cf. [Alber and Guerre-Delabriere, 1997] for details).



A further generalisation:

Amapping T : E — E for E C X is called totally asymptotically ¢)-weakly contractive
if1, ¢ : [0,00) — [0, 00) are nondecreasing functions with ¢(0) = ¢(0) = 0and
P(t), p(t) > ofort > 0,and Vx,y € E:

1T — Ty < llx =yl = ¥ (llx = yl) + kap(llx = yII) + s
for ky, I, — 0. Inthe case that k, = I, := 0 then T is ¢)-weakly contractive.

Theorem (Adapted from [Alber et al., 2006])

Suppose that E C X is convex, T is asymptotically 1-weakly contractive and q is a fixpoint of
T. Moreover, from any starting point xo define the sequence {x, } by

A1 = (1 — an)on + an Ty

where { v, } is some sequence of nonnegative reals with 3 | cin, = 00. Suppose that
||l — q|| is bounded. Then x, — q.

A clear closed form expression for a rate of convergence is not given in [Alber et al., 2006].

‘ space X ‘ —5—‘ mapping T ‘ —l—‘ algorithm {x,}

= ‘ convergence to fixpoint




First objective: Define a general class of mappings of ‘weakly contractive type’

Definition ([P. and Wiesnet, 2021

A sequence of mappings {A, } with A, : E — E is quasi asymptotically ¢)-weakly
contractive w.r.t ¢ and with modulus o if forall ,¢ > Oand x,y € E:

lx—4qll < ¢ = Vn>0(5,)(lAwx — qll < llx —qll = (llx —qll) + )

Example. If T is totally asymptotically 1)-weakly contractive in the sense that

IT"x = Tyl < [lx = yll = % (llx =yl + kn(llc = yl1) + I

then {T"} is quasi asymptotically ¢)-weakly contractive w.r.t. any fixpoint of T with

modulus 5 1)
6.0 =man {5 (525) 5 (2))

where fi, f, are rates of convergence for ky,, I, — 0.



Second objective: Produce general convergence theorems

Theorem (Adapted from [P. and Wiesnet, 2021])

Suppose that E C X is convex, {A, } is quasi asymptotically 1p-weakly contractive w.r.t q and
with modulus o. Moreover, from any starting point xo define the sequence {x, } by

Xnt1 = (1 - an)xn + anAnxn

where {owy} € [0, o] is some sequence of nonnegative reals with > | ot = 0o. Suppose
that ||x, — q|| is bounded by ¢ > 0. Thenx, — q, with rate of convergence

n—2
llen — qll < F <2‘I’(C) - Zaz)
i=0
where F : (0,00) — Risany strictly increasing and continuous function satisfying

0228 (5) -0 (min {0 (). ).9

and U is given by
S dt
0= ve



How are these results obtained?

® An analysis of the logical structure of key properties and assumptions.

® An analysis of the convergence proofs (which often use liminfs, convergent
subsequences etc).

® A study of the relevant literature, identifying common patterns.
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@ A simple worked example



T : E — Eis-weakly contractive if ¢ : [0, c0) — [0, 00) is a nondecreasing
function with ¢)(0) = 0and ¢(t) > Ofort > 0,and Vx,y € E:

I = Dyll < llx =yl - w(llx — )

Theorem (A)

Suppose that T is 1)-weakly contractive and q is a fixpoint of T. Define x,+1 := Tx, for any
starting point xo. Then

llon+1 = gl < [l — gl = ([l — qll)
foralln € N.

Proof. We observe that
lln4+1 — ql| = ||Txs — q|| definition of x4
= ||Txy — Tq|| qafixpointof T
< s — q|| — ¥ (||xs — q|]) T isp-weakly contractive



Lemma (B)

Let { un } be a sequence of nonnegative reals satisfying

Mn41 < Mn — w(ﬂn)

where) : [0, 00) — [0, 00) is a nondecreasing function with 1 (t) > 0fort > 0. Then
Un — O, and moreover, for any e > 0 we have

Vi > B(e) (un < €)

B(e) = [/“ %1

Proof. Suppose for contradiction that there exists € > 0 such that u, > ¢ for all
n € N. Observe that

where D is defined by

Mn — Hn+t1 ..
1< =" (definition of i, and n) > 0)
) I ¥ (kn)
Hn dt

< erlm (1/1(t) nonincreasing)



Proof (cont).
Forany N € N we have

T

N

IN Il
i
- —

IA
\\”M

Hn
/ % (previous slide)

al
( (,ufn+1 < ,Uzn)

r (5 < ,UzN)

N:= [/:o%—‘

and therefore there exists some n < N such that u, < e. But then in particular, since

But this is false for

Hnp1 < — ¢(un) < fn

it follows that p, < e foralln > N.



Theorem (= Theorem A + Lemma B)

Suppose that T is 1)-weakly contractive and q is a fixpoint of T. Define x,+1 := Tx, for any
starting point xo. Then ||x, — q|| — O, and moreover, for any e > O we have

Vn 2 @(e)([ln —qll <€)

B(e) = [/gl\xo*q\l %-‘

This is a perfectly satisfactory quantiative convergence theorem, where we provide a
‘proof theorist’s’ rate of convergence for u, — Oi.e. a function ® such that

where © is defined by

Ve > 0,Vn > ®(g)(un <€)

Analysts, on the other hand, typically formulate a rate of convergence as a function f
such that

Vn(pn < f(n))
where f(n) — Oasn — oo.



Rate conversion. We have shown that for any ¢ > 0 we have ||x, — ¢q|| < € for

[lxo—qll
27 5wl

We now want to find for each n € N some ¢, such that
lloen — qll < en

This would work for any e, with

[|x0—ql|
H</€n ' %:wnxo—qnwwsnén

so define ¢, such that
U(llxo —ql]) — ¥(en) =n

en =0 (¥(|lxo — qll) —n)



Theorem (= Theorem A + Lemma B + rate conversion)

Suppose that T is 1p-weakly contractive and q is a fixpoint of T. Define x,1 := Tx, for any
starting point xo. Then ||x, — q|| — O, and moreover, for any n € N we have

[l — qll < €T (L(||x0 — qll) — n)

where W is given by

Now compare this to:

Theorem ([Alber and Guerre-Delabriere, 1997

IfT is weakly contractive then it possesses a fixpoint q. Moreover, from any starting point xo the
sequence {x, } defined by x,11 := Tx, converges to q, with rate of convergence

[l — qll < @7 (T (|lx0 — qll) =)

where U is given by
S odt
Rl o)



General route to a convergence theorem

@ Reduce everything to a recursive inequality in terms of p, := ||xx — q||.
® Apply a general quantitative convergence theorem for this inequality.

© Convert proof-theoretic rate into analyst’s rate (optional, but essential if we
want to compare with known bounds in simple cases).

Steps 2 and 3 can be done in a very general setting, so that in concrete cases, we
only need to adapt Step 1!
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© Afirst general result



A sequence {A,} with A, : E — E is quasi asymptotically ¢)-weakly contractive w.r.t.
¢ and with modulus o if forall §,¢ > Oandx,y € E:

x—4qll < ¢ = Vn=0(5,0)(|Awx — qll < [lx —qll = ¥ (lx —ql) + )

Suppose that { A, } is quasi asymptotically 1p-weakly contractive w.r.t. q and o, and that the
sequence {x, } satisfies

Xnt+1 = (1 - an)xn + anAnxn
for {cun } a sequence of nonnegative reals. Then whenever ||x, — q|| is bounded above by some
¢ > 0,foranyd > Oandn > o(0, c) we have:

l[2n-+1 = qll < [l2n — qll = cndp((lxn — qll) + nd

Proof. We observe that forn > o(J, ¢)

41 = qll = [|(1 — cn) (s — @) + an(Anxn — q)|| ~ (rearranging)
< (1= an) [Jon — q|| + an [|Awxs — q]]  (triangle inequality)
< (1= ) [l — qll + cn(lloen — qll = ¥ (|l — qll) +6)  (property of {A,})
= llon — all — cntp(lln — qll) + a6



Lemma (BT)
Let { s } be a sequence of nonnegative reals such that for any § > 0 we have
Mn+1 < Mn — Oénw(lin) S Oén(s

foralln > o (6), where:
® ¢ :[0,00) — [0, 00) is a nondecreasing function with 1 (t) > 0fort > 0;

® {ay} C [0, o is a sequence of nonnegative real numbers such that > | oy, = 00
with rate of divergencer : (0, 00) X (0,00) — Ni.e.

r(N,x)
YNENx>0 [ > an>x

n=N
Then i, — O, and moreover, for any e > 0 we have
W > B(e) (i < )

where D is defined by

00 =1 (s Gunfu (). 1) 2 [ )

and c is an upper bound for { j1, }.



Theorem (= Theorem At + Lemma B™)

Suppose that {A, } is quasi asymptotically 1)-weakly contractive w.v.t. q and o, and that the
sequence {x, } satisfies

Xp4+1 = (1 - CYn)-xn I anAnxn

for {on} a sequence of nonnegative reals such thaty -2 | o, = oo with rate of divergence r.
Then whenever ||x, — q|| is bounded above by some ¢ > O, we have ||x, — q|| — O, and
moreover, for any € > O we have

Vn 2 @(e)(flon —qll <€)
where ® is defined by

D(e) ::r(a (%min{lﬁ (%),%},c) 72/5:21;1;))



Recall from earlier...

Definition ([P. and Wiesnet, 2021

A sequence of mappings {A,} with A, : E — E is quasi asymptotically ¢)-weakly
contractive w.r.t ¢ and with modulus o if for all §, ¢ > Oand x,y € E:

lx—qll <¢ = Vr =08, c)([[Awx — qll < llx —qll = (llx —qll) +6)

Example. If T is totally asymptotically 1)-weakly contractive in the sense that

IT"x = Tyl < [l =yl = P (llx = yl) + kn(llc = y11) + In

then {T"} is quasi asymptotically 1) -weakly contractive w.r.t. any fixpoint of T with

modulus 5 1)
6.0 =mas {5 (;25) .5 (2))

where fi, f; are rates of convergence for k,, 1, — 0.



Corollary (Quantitative version of [Alber et al., 2006])

Supposethat T : E — E is quasi totally asymptotically 1)-weakly contractive in the sense that
T = Tl < llx = yIl = ¥(llx = yII) + ka(llx = yI|) + In
forku, I, — 0, that q s a fixpoint of T and that the sequence {x, } satisfies
Xn41 = (1 - Oén)xn T anTnxn

for {au} a sequence of nonnegative reals such that >~ >° | oty = oo with rate of divergencer.
Then whenever ||x, — q|| is bounded above by some ¢ > O, we have ||x, — q|| — O, and
moreover, forany € > O we have

Vn 2 &(e)(fln —qll <€)
where © is defined by

0= (o (min{s (). 1.9 2 [ )
max {ﬁ (%(c)) ) (g)}

where fi, f, are rates of convergence for ky, I, — 0.

and



Theorem (= Theorem A1 + Lemma BT + rate conversion)

Suppose that {A, } is quasi asymptotically 1)-weakly contractive w.v.t. q and o, and that the
sequence {x, } satisfies

Xn+1 — (1 - an)xn aF anAnxn
for {own} a sequence of nonnegative reals such that > > | o, = co. Then whenever ||x, — |
is bounded above by some ¢ > 0, we have ||x, — q|| — O, with rate of convergence

n—2
ey — gl < B~ (zmc) - Zoa)
i=0

where F : (0,00) — Risany strictly increasing and continuous function satisfying

0220 (5) oo (Lo 2).£}.9
and U is given by ;
S odt

U(s) := m
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@ Summary of further results and conclusion



Further results I: d-weakly contractive mappings

Let X be a uniformly smooth Banach space, X* be the dual of X, and ] : X — X" the
normalized duality mappingi.e.

(e, Joe) = [lel|” = [[7<]*

We call {4, } quasi asymptotically d-weakly contractive w.r.t. ¢ and q with modulus
o if for any ¢, ¢ > O we have

e —qll < ¢ = V> 0(8,0)({Awx — 4, (A — 9)) < llx = qll* ~(|lx — ql)+5)

The sequence
Xn+1 = (1 - Oén)xn + anAnn

converges to ¢, where we can construct a rate of convergence in the modulus of
uniform smoothness for the space X.

This generalises and provides a rate of convergence for a theorem of
[Chidume et al., 2002].



Further results II: Perturbed schemes

Suppose that {A,} with A, : E, — E are asymptotically weakly contractive w.r.t. ¢
and q, and {x, } satisfies the perturbed scheme

Xnt1 = Qn((l - an)xn + anAnxn)

where Q, : X — E,41 is a Sunny nonexpansive retraction. Then x, converges to ¢,
provided that X is uniformly smooth and

E, — E

w.r.t Hausdorff metric. Uses a formalisation of the Hausdorff distance first used in
[Kohlenbach and Powell, 2020].

This generalises and provides a rate of convergence for a theorem of
[Alber et al., 2003].



Summary

space X —0—‘ mapping {4, } ‘ —|—‘ algorithm {x,}

— | convergence

space contraction mapping algorithm
normed -weakly Picard
normed totally asymptotically ¢-weakly Mann
" normed | quasiasymptotically p-weakly | Mann
unif. smooth | quasiasymptotically d-weakly Mann
unif. smooth asymptotically ¢-weakly perturbed Mann

In each case, we use the same reduction to the recursive inequality

,Ufn+1 S Nn - an¢(ﬂn> + an(s

for sufficiently large n, and provide explicit rates of convergence.



My priority for future work

Abstract recursive inequalities play a central role in nonlinear analysis, and a
quantitative analysis of such inequalities has been crucial in many applied proof

theory papers.
For instance, in [Kohlenbach and Powell, 2020] the following recursive inequality is
studied:
Hn1 <y — an¢(ﬂn+l) + anYn
for~, — 0.

It would be interesting to have a general quantitative study of recursive inequalities:

® Bringing together known results and establishing new ones,

® Providing a repository of quantitative lemmas which could then be applied in
concrete situations.

THANK YOU!
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